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A model of a wheel with a reinforced tyre, whose surface is simulated by a flexible strip (tread) attached to parts of two tori (the
sidewalls of the tyre) is considered. The disk of the wheel (a rigid body) has six degrees of freedom and is in contact with the
plane along part of the tread. Based on several assumptions, the potential energy functional of the deformed wheel is found as
a function of the deformations of the centre line of the tread. On the assumption that the wheel is rolling without slip in the
region of contact of the tread with the plane along a previously unknown section of the tread, the complete system of equations
of motion is obtained. The equilibrium of the wheel and the steady state of rolling in a straight line with given swivel and tilt are
investigated, and all characteristics of the motion are found (the contact region, the tyre deformation, and the forces and torques
applied to the wheel disk). © 2002 Elsevier Science Ltd. All rights reserved.

There are several well-known models for a tyre whose deformations are described by a finite number
of parameters, such as the displacement and rotation of the load surface [1-4]. The dynamic effects
due to deformation of the tyre over its entire surface can be described in the context of models with
an infinite number of degrees of freedom [5, 6]. Metelitsyn [7] has suggested modelling the tyre surface
by part of the surface of a torus, but then goes on to reduce the deformations to displacement of the
load curve along the wheel axis, taking the force and torque to be proportional to this displacement
and its derivative with respect to natural parameter at the contact point. Béhm [5] proposes modelling
a pneumatic tyre by a curved beam attached to a disk by continuously distributed elastic forces. Tyres
have also been simulated (6] by a tread (a flexible inextensible thread) attached to sidewalls (parts of
the surface of a torus), with the assumption that the middle plane of the wheel disk is orthogonal to
the plane of rolling. There are a good many publications investigating tyre deformations by the finite-
element method (e.g., [8, 9]). Unlike those publications, in this paper we propose a wheel model in
which the disk has six degrees of freedom, the tread is represented by a flexible inextensible strip, and
the sidewalls are simulated by parts of the surfaces of two tori; this model enables the rolling of the
wheel to be investigated most completely.

1. THE MODEL OF A WHEEL WITH A REINFORCED TYRE

Let the wheel consist of a disk (0), two tyre sidewalls (1, 2), and a tread (3), represented in the
undeformed state by a cylindrical surface of radius ». The wheel disk will be treated as a rigid body,
whose position is determined by six degrees of freedom, and the tyre sidewalls in the undeformed
state will be defined as two parts of toroidal surfaces (Fig. 1). Let OX,X,X; be an inertial system
of coordinates and let Cxyz be a system of coordinates attached to the disk. The tread surface is
defined by

Ry(9.E,1)= f;l X1, + rTy(B)T () (0 + (p)[(l +U,)e, +(1r“'€+Uz)ez +U363] (1.1)
10 0 cos® O sind
F()=}0 cosx —sinxf, L®O)=) 0 10
0 sinx  cosx ~sin® 0 cos6
cosf -sinff 0
L) =|sinB cosp Of. ¢@mod2r, [E|=<1
0 0 1
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Fig. 1

where X, X; and Xj are the coordinates of the mass centre of the disk C, B, » and 0 are the angles of
successive rotations of the fixed system of coordinates about the corresponding axes on transferring to
the system Cxyz, I; is a unit vector on the axis OX;, Ui(&, ¢, 1) (k = 1, 2, 3) are the components of the
displacement vector of a point of the tread in a system of coordinates Cx’y’z” whose unit vectors are
denoted by e, and 2! is the tread width. We will assume that the tyre is reinforced in the zone of the
tread so that a fibre passes through each point in the direction of e, and two fibres in the directions
cos / e, + sin y e; (the angle y is constant). Assuming that the steel fibres of the cord are inextensible,

we obtain the equalities

3R, R, . . 3R,
2=, —Ltsiny—2{=1
73 COS Y ot siny 90
which are equivalent to the equalities
3 .
|1"R;|= 122070+ SUE =0, () = 90
k=1 Cl3
[ 'Rs|= 1= 2U, - U5) + (U, ~ U3) + U2+ (U7 + U5) =0 (1.2)

R3(R; = 0= U (U] +Us)+ (i + U3 JU3s - U3 (14 U, - U3) = 0, (Y =%%)

Henceforth we shall assume that the functions U, and their derivatives are small; neglecting their
squares, we obtain the following equalities from (1.2)

U; =0, Uj=U, Ir'U;=U; (1.3)

Denoting the displacements of the centre line /; of the tread, corresponding to € = 0, by u(o, t)e; +
w(Q, t)e; — v((, t)es, and solving system of equations (1.3), we obtain

U =lr 8w +u, Uy=w, Uy=Ir""¢w v, u=-v’ 1.4)

Let us consider the case in which the wheel is rolling over the plane OX;X,. In the contact region,
a part of the tread coincides with the plane OX X, and is at rest. It follows from conditions (1.2) in the
contact region that there are two orthogonal families of straight lines corresponding to constant values
of one of the variables ¢ or & in formula (1.1). By formulae (1.4), the shape of the tread in the deformed
state is close to that of a ruled surface, and we may assume that the contact region of the tyre with the
plane is a rectangle. Let the contact of the tread correspond to values of the angle ¢ in the range

Ly = [94(t), 92(")}. Then
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Ry(9.60)=~r(o-T/ L +EL,, pel, [f=<I (1.5)

In this relation, without loss of generality, we have adopted the convention that the wheel is rolling
along the OX) axis, its centre line /; coinciding with that axis. In view of (1.1), it follows from (1.5) that

U, = u+1r"'E(cos OsinP +sin Osinx cosP)

U, = w+[r"§(cos>ccosﬁ-— D) (1.6)
Uy = v +1r"'E(sin sin B — cos Osin % cosB)

u= (n/2 . -—(p)(cosBcosﬂ -sinPsinxsind) +

+X;r™' sin® cos x — r™' X, (cos ¥sin B +sin ¥ sin % cos ) - |

w= -(n/ 2-X,r —(p)sinBcosx ~ Xyr~'sinx - r' X, cos x cosP

v = ~(1t/2— X —cp)(cosBsin13+sinBsinxcosﬁ)+X3r”’ cos B cos x +

+r7' X, (sin®sinP - cos OsinxcosP); B=0+¢

By (1.4) and (1.6), the relative displacements of the points of the tread in the contact region are
determined by X;, X, X3, B, %, 0 as functions of time, but outside the contact region these variables
depend on the functions v and w. If we assume & = 0 in Eqgs (1.6), the displacements obtained will
correspond to points of the centre line of the tread.

We will define the sidewalls (1) and (2) of the tyre in the deformed state in the form

3 3
R (. y.1)=3 X], + (B, ()7, (8) ><{(—l)’ae2 +ce, +bl“3(\y)[~q, +3 V,’fl,]} (1.7)
=1

=1

veluly, I|=[‘V|’W2]v Iz=["\|12‘—\ll‘]\ j=12

where V,(o, v, ) (i = 1, 2, 3) are the components of the vector of relative displacements of points on
the sidewalls in a toroidal system of coordinates Mnm,n; (Fig. 2), and a, b and c are constants. The
interval J; corresponds to the sidewall (j). In a radial tyre, the sidewalls are reinforced by inextensible
steel fibres, corresponding in Ry to a constant angle ¢, whose curvature will be assumed constant for
each fibre under internal pressure in the tyre [6]. These conditions are expressed by the following
equalities

R

m=‘:>2(Vz+‘1)+(V2+"|)2+(%'—V2)2+V3‘2=o

82RI = C( t)=>(|+V—V +2v)2 +(2V'+V' —V)2+V'2=b2C2- (.)._a_(.z

bawz ’ ! 1 2 ! 2 2 3 ’ —a‘l’ (1.8)

Assuming that the functions and derivatives in formulae (1.8) are small and neglecting their squares,
we obtain a linear system of differential equations

V,+V, =0, V-V, +2V; =0
whose general solution is
Vi =—c, +e3siny —cycosy, V) =c +cy+c3cosy +oysiny 1.9

where the coefficients ¢, (9, t) (k = 1, ..., 4) must be determined from the boundary conditions
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y=ty,: V=V =0
y=ty,: Vy=U,,cosy, U, siny,, V,=FU,,siny, +U,, cosy,
Ui =U(2Lo,1)
As a result, we obtain two systems of linear algebraic equations, whose solution we will express in

the form

(—[u+1r“’w”+‘y|(l)]fk —[W+Y2(l)]gk)) yel
6= x (1.10)
b e ([u- 1w 4 )i - [w D) ek
k=1,...4
fi=W,c08Y, — Y COsSY, +8y, [ =COSY; —COSY,
fy=sin(y, - ¥ ) - (¥, - v, Jeosy, cos y,
fo=1~(w; ~y,)cosy, siny, —cos(y; - ;)
g =Vysiny, —~ysiny, - f, g =siny, ~siny,
g3 =-1+cos(y, -y, )} - (W, -y, )siny, cosy,
gs =sin(y, -y, )= (W, - v, )siny, siny,
A=2-2cos(y, - ;) - (¥; - v )sin(y, ~y,)

where y(£), y,(E) are additional terms, quadratic in u, v, w and their derivatives, obtained when the
functions U and U, are determined from conditions (1.2). These terms, to be determined below, turn
out to be necessary when calculating the work done by the pressure in the virtual displacements.

The function V3(9, v, t) may be represented approximately by the first two terms in its Taylor series
in the neighbourhood of the points w = * v,

. (lr"w’—v)[l—(w—w,)(w—w;)"], vel,

(—lr"w’ -V )[l +(\|!+\y|)(\|12 - Wl)-] ], vel,
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Let us determine the work done by the pressure to effect the virtual displacements in deformations
of the sidewalls and the tread. We have

3 I 2r
A= 384, 8 =p| [[R;xR;}sRydEdy,
k=1 o (1.12)

n
84, = p| | [Ri xR, JoR, dydo, k=12
10

where p is the pressure in the tyre; as shown previously [6], when computing the work of the pressure
in (1.12), it may be assumed to be constant, to within terms of the second order of smallness inclusive.
For the tread, we obtain from (1.12)

P2
8A, = plr’ | jn[au, -r~'U U, + (U] + U3)8U3]d§d(p (1.13)
-1 0

To evaluate the integral with respect to &, we must use formulae (1.4) and find the quadratic correction
to the function U. Denoting the quadratic corrections to the functions defined in (1.4) by y, and using
Egs (1.2), we obtain

¥ = -%w’z ——é—[lr"ﬁ(w”’+ w')+u’ —v ]2 +3, w0
l I ) I ’ ve )
v =2 (w e wt) gy =B -v)w

After integration of the integrand in (1.13) with respect to £ and a few terms also with respect to @, we
obtain, using (1.4) and (1.14),

2 42
84, = ~BI1; = -2pir? f [3[ = (W +w)ow +(u ~v )8u’]d¢
r

0 (1.15)

2r

2
n3 = plrz ! |:_3I_T(wn;2 _ W"2)+U 192 —v !Z}d‘p
0 r

According to relations (1.12), the work done by the pressure in deforming the sidewalls, to within
terms of the second order of smallness inclusive in the functions V3, V5, V3 and their derivatives, is as
follows:

2r
0A, =pb3j j[SV,(-Z—+cosw—V3’+V,cos\y-stin\u)—
0 I

—8V2(% +cos w)(v,‘ - V2)+8V3(V,’+ V, cos w)]d(pdw, k=12 (1.16)

Let us find the quadratic correction to the function V;, with an eye to retaining in (1.16) terms of
the second order of smallness, inclusive. Replacing V; in (1.8) by V; + z;, where z, are the terms of the
second order of smallness, and taking (1.9) into account, we obtain the equalities

2(z, +z,)+(c, +oy) +%2=0
(1.17)
2(2, -z +2zi)+c22 +(cy +c2\u)2 =0

The quantities ¢, and ¢, are represented by equalities (1.10), assuming that y; ,(+1) are not included,
since their contribution to (1.17) consists of terms small to the ordcr of three or more. In addition, the
derivation of (1.17) took into account the fact that 1 + ¢, = b*C? for terms of the first order of smallness.
As a result we deduce from (1.17) that
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G +z ==V (o +ew)’ 12, z(tw,,)=0 (1.18)

Taking the structure of solution (1.18) and expressions (1.9) and (1.11) into account, we obtain, after
rather lengthy computational procedures (integration with respect to v, taking the properties of even
and odd functions into consideration), an expression for the work done by the pressure to displace the
points of the sidewalls

2r

0A +3A, = [n08u+-;-n0,8u2 +-;—n,,8u’2 +my  du+ myu'dv +
0

3 ;
+ % my,du * + % n; 38w(”2]d(p, A, +84, =-811,, (1.19)
j=0

The superscript (j) denotes the appropriate derivative of the function with respect to ¢, while IT, ,
is the potential energy functional of the pressure in deformations of the sidewalls. This functional is
positive-definite with respect to the variables vand w, if one takes into account that the centre line of
the tread is assumed to be inextensible (the second condition in (1.2) with £ = 0),

u=-v'~@p”+v) /2-w?/2 (1.20)

Note that the coefficient ng is negative and, as will presently become evident, is equal in absolute value
to the tensile strength of the tread under pressure in the tyre.

2. THE EQUATIONS OF MOTION

The kinetic energy of the wheel can be represented in the form
3 . 2 L2 a2 2 Lo 2 3 2
2T = my 3 X7 +J,4(#? + B cos” x) +.I2d(9+ﬁsm x) +pr{ 3 2%do (2.1)
i=1 0 i=1

where m, and J, 4, /5, are the mass and moments of inertia of the disk about the axes Cx, Cy, respectively.
The kinetic energy of the tread and the sidewalls is represented ‘in (2.1) by the last term, on the
assumption that all the mass of the tyre is uniformly distributed about the centre line /), with linear
density p. The quantities Z; (i = 1, 2, 3) are the projections of the velocity of a point of the centre line
of the tread onto the axes of a system of coordinates rotated with respect to the system OX) X, X3 through
an angle B about the OXj axis; they have the form

Z, = X, cosB+ X, sinP - rB[(l+u)sin %sin Y+ wcosx +v sinx cos 9] -

-—ré[(l +u)sin O +v cos 1‘)]+r(dcost‘)— Uvsin®)

Z, =-X,sinp+ X, cosp + rB[(l +u)cos® ~v sin )+

+ri[((1+ w)sin ® +v cos B)cos x ~ wsin x]+ O[(1 +u)sin x cos ¥ —v sinxsin 9] +
+ r(usinxsin 9 + wcos x +U sin % cos ¥) (22)

Zy = Xy + m[((1 + u)sin O +v cos¥)sinx +wcosx |-

- rO{(1 +u)cos x cos ¥ —v cos xsin 9]~

—r(ucosxsin®+ vcosxcosY—wsinx); ¥=0+¢

The equations of motion and boundary conditions at the as yet unknown contact region are obtained
using the Hamilton—Ostrogradskii variational principle. To that end, one needs expressions for the work
done by the external forces and torques applied to the disk of the wheel (Fig. 1) in the virtual
displacements, namely
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845 = F(B)SX, + F(B -1/ 2)8X, — P8X; + M,8x + My80+
+(Mysinx + M;cosx)d, F(B)=F cosB- F,sinfs 2.3)

Suppose the wheel is rolling without slip. This means that the velocities of points on the centre line
of the tread in the contact region, L; = [@,(¢), ¢,(¢), equal zero, that is, Z; = 0 (i = 1, 2, 3). These
conditions follow from the holonomic constraints represented by the last three relations in (1.6). The
virtual displacements satisfy the equalities 8Z; = 0 (i = 1, 2, 3), obtained from (2.2) by replacing the
time derivatives with the variations of the appropriate functions, and the work of the reactions applied
to the centre line is

M

t

3 2
8N, = [ S, (9.08Z,do+ Y i,0Z, (24)
Lyi=!

k=1

=1
where W, uy (i, k = 2) are undetermined Lagrange multipliers - the components of the reaction to the
constraints. The subscript k denotes the reaction of the constraints and the virtual displacements at the
boundary points of the contact region. Equation (2.4) contains no terms i, since it is assumed that
the components of the reactions of the constraints along the OXj axis vanish at the boundary points of
the contact region.

Yet another constraint on the boundary of the contact region of the tyre, following from (1.1) and
(1.4), is that the vector directed along a fibre of the tyre and normal to its centre line is orthogonal to
the OX; axis, that is,

Z,, =sinx —w;'cosxsin ¥, +w; cosxcos ¥, =0 (235)
w, =w(Q,.1), k=12

The work of the reaction of this constraint (the torque about the OX) axis) in virtual displacements
will be

2
0N, = EIHMSZM (2.6)

where pg and 8Z, are the projection of the torque onto the centre axis of the tread at a boundary
point of the contact region and the corresponding virtual displacement.

At the extreme points of the contact region one must consider the torque of the constraints about
the OX; axis. These reactions are due to the orthogonality of the tread fibres perpendicular to its centre
line, the OX) axis. Taking formulae (1.1) and (1.4) into account, we express these conditions in the form

IR;(@,.0.2)
10E

+wj(cosPsin B, +sinBsinxcos9,)=0, k=12, B, =0+g¢, (2.7)

1, =0 = Z, =-sinBcosx +w;(cosPcosd, —sinBsinxsin )+

We will denote the Lagrange multipliers corresponding to constraints (2.7) (the projections of the
torques onto the OXj axis at the extreme points of contact) by ps (k = 1, 2) and express their work in
releasing the constraints in the form

2
ONs = XHsi8Zs, (28)

where 3Z5 is the variation of (2.7).
As constraints for the points of the centre line /; of the tread outside the contact region we take the
condition that it be inextensible (the second relation in (1.2) with § = 0)

27, =(1+u+v’ ) +(w -v) +wl=1 (2.9)

Accordingly, when eliminating these constraints one must take into account the work they perform
in virtual displacements
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ONg = [M@.008Zedo, L, =[92,27+¢] (2.10)
L

where A is an unknown Lagrange multiplier.
Let us write the Hamilton-Ostrogradskii variational principie in the form

j(5T+8AF+28A + 36N ) = (2.11)

n f=1

The corresponding variables in (2.11) are 2Zn-periodic in ¢ and the domain of integration [t;, £;]U [y,
@y + 2n] in (2.11) is divided by the curve @ = @,(¢) into two parts, [t;, £,]UL, and [t}, t,]UL,, in each
of which Green’s formula is applicable. The result is the following system of equations

-*V T+F(B)+ I(MCOSB M sinB)do + Z(Hlkcosﬁ o sinP)=0

——V T+F(ﬁ+ ) j(u,smﬁ+p2cosB)d(p+ E(HuSl“B*'szCOSB) 0

d

~—V T=P+ [Usdo=0
dr i
, .
v.T- -y T+M1+JZH,°Z"1‘P+ )y Zuikiz—.‘ho
dr L=l ox 1=1,2,4,5 k=1 ox

2
V- du om0, %0 3 Fu Do

L=t O i=1.2.4,5k=1
\% T—-—V o7+ My sinx+ M cosx + qu,——d(p+ Y Yu,—2=0
Lp=t  of =zaskm AP
M, rcos B+ orsinxsin® — fyrcosxsin® —ny — ngyu +nu” +
+m2(u”—u ')—m2,U'=O, pel, ={@,(t). ¢, ()] (212)

v, T- -g—VuT-— ng —ng e+ u” +myu” —v)—myp '+ A1+ u+v’)—-
i
“Mu =0 =0, @eL,=[0,(), ¢,1)+2n], m,=2plr

prilal @ ~ (=D AW ~0 )y + (my + ') +
+r(fy, cos O, + o sinxsin® )=0, ¥, =6+q,, k=12
-y rsind +p,rsinxcos® — pyreosxcos® —mpu’ —myuv=0, @el,

VUT—%VUT—m,zu'—mzzu—[l(l+u+u’)]’—l(u’—u)=0, pel,
pr3[ t)]k(bk—(—I)"[k(l+u+v’)],(,()+r(—u,ksin13k+u2ksinxcosﬁk)=0; k=12
porcosx+psrsinx+ Aw=0, @€l

(Aw = (my + nyy W' + (my ~np W + W —ngw=0), my = 2p% /13
VWT—(—‘:;VWT+ Aw—(AwY =0, ¢el,

priwl @y — (D AW Yy + (M3 + iy )WDY + (my = ny)[W™ ), + My, cosx =0

. . . 4
Mg cOSx cOs B, + N, (cosPsin O +sinPsinxcos B, ) - (my +n33)[w ], =0

~lg4; cOSSINY, + Ng, (cosPcos B, —sinPsinxsin O )+ (my +ny ) w”], =0, k=12
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where [f(8)]x = f(8; + 0) - f(0, - 0) is the jump of the function concerned at an end point of the contact
region. The subscript /(k) is used to mark value of the appropriate function at ¢, - 0 for k = 1 and at
%, + Ofork = 2.

System (2.12) consists of 12 equations of motion and 10 conditions imposed on the jumps of the
functions at the end points of the contact region. Adding the four constraint equations (the last three
relations in (1.6) in the contact region condition (2.9) outside it), we obtain a closed system of 26
equations in the unknowns

leX2’ X}vaxyeyuj(i= ly293)y (Pky“,k(k= 1,2,i= 1,2,4,5),K,u, v, w

in the contact region outside it. The determination of the functions v, v and w must also take
into consideration the conditions of their continuity at the boundary points of the contact region, which
follow from the conditions for the existence of the functionals of the potential energy of the pressure,
namely

[ulg =[v], =[w], =[w'], =[w"), =0, k=12 (2.13)

3. EQUILIBRIUM OF THE WHEEL AND THE STATIC
CHARACTERISTICS OF THE TYRE

If the wheel is equilibrium, all quantities that define its position and the deformation of the tyre, as
well as the Lagrange multipliers, the external forces and torques applied to the disk, are independent
of the time. Suppose in equilibrium 8 = 0, ¢ € [¢;, @3], Let us assume that in equilibrium the quantities
X, X, X3 =1, B, %, @ — /2, 97 — ¢4, u, v, w and their derivatives with respect to ¢ are small. In the
contact region, the angle ¢ is close to m/2. Using the substitution ¢ = /2 + o, & € L; = [0, o),
o = @ — /2, we rewrite Eqs (2.12), ignoring quantities of the second and higher order of smallness
in these variables. The result is

2
R-FB+ f“lda"‘kZ(Hlk ~kyP)=0
Ly =1

2
FB+F + [pydo+ T (yB+1y)=0
L k=1

P= [uydo
L

2
M, + [uprdo+ Y (Wygr+ g ) =0
1y k=1

2
M, - Ju,rda-kzl(u.kr+l3uu)=0 (31)
L) =

2
Myx+ My + Y[y Xy —Ho (0 r+ X;)—ls 1= 0

k=1
—“]ra'f'“.zm—“:;r:no =N, —m +(X3r—.l —1)(n0| —Mmy; +n”), oe L|
L r U r0 =m0+ (myy +myp) X, e L
u2r+u3m=-‘"03(x+X2r-l), GELI
—ng —ngu+npu” +myu” —v’)=mp +A-[Mu’'-v)/'=0, ael,
(=D M =0)yqy = (my + 1y YN + r(Ry 0 — Py %) =0
—myu’ —myp —A =AU ~v)=0, ael,
(=DM, +my, =0, k=12
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(m3 + n33)W(6) + (m3 - n23)W(4) + nlgw” —nNgpyW — (lw’)’ = 0, ae 142
(=D AW Yy + (3 + 133 WD Y + (g = gy )WY + 1y =0
HapOty — Mgy +(m3 + )W ®), =0

Hag + MW@ —(my +ny3w”], =0, k=12

Relations (3.1) yield 4, u; and ps in the contact region L, in the form

Hyr = (my +my —ng —my, Yo —(myy +myp) X r™!
p,z":(no "l“ —mZ)X“noz(x+X2r_,) (3,2)
Wyr = =ng +nyy +my = (ng = myy +ny, )(Xar™ ~1)

Putting A = ny + A;, where A, is a quantity of the first order of smallness, and using the linearized relation
(2.9) u = - v/, we can express the equations defining the deformations of the centre line of the tread
in the form.

(ngy +np—my—my)v'+(ng—ny; —m)v"” +A; =0
(mlz +n0)U ”+(n0"'m22)u “A-: =0

(my +nyy W + (my - n23)w(4) +(ny3 —ng)w” —~ngzw=0 3.3)
These equations have the following solutions in the domain L,
4 s
v(o)= Y G exp(pa), w(a)= Y Eexp(q;0), oel, 3.9)
i=1 j=1
wherep; (i =1,...,4),q; (j = 1, ..., 6) are the roots of the characteristic equations

a0p4+a,p2+a2=0
Gy =ng—my—nyy, G =2ng+ng —my+mpy~my, G =hy—Mmy
(3.5)
byg® +bg* + by +b; =0
by =ny+my, by=my—ny, by=n3-ny, by=-ny

The roots of characteristic equations (3.5) have the property
=Py Pr=~Pe @1=744 427745, g3 =G

To determine the arbitrary coefficients G; and E; in (3.4), we write conditions (2.13) as follows, to
within terms of the first order of smallness

itMe

4
G, exp(2mp,) = X.G, = X;r™'
=1

Me

4
G,p, exp(2mp;)= Y. G,p, = | = Xyr™!
1=

i

Mo

o6
E exp(2ng, )= ZlEI = =%~ X,r™! (3.6)
)=

~
i}

6
lE.IqI exp(2mg, )= E‘quj =P

Mo TMo

6
lquf exp(2ng,) = Zlqu}?' =0
J:

~
1l



The rolling of a wheel with a reinforced tyre along a plane without slip 925

These relations constitute two systems of linear algebraic equations of the fourth and sixth order with
constant coefficients in the variables G; and E, respectively. Solving them, we find

G = (=1 sh(np, )sh(rp,)

= exp(-Tp) v (2007 B X = By(Xor' =D)L, i=1....4  (37)

B =ch(np,)p, sh(np,) - ch(rp, ) p, sh(np,)
B;" = sh(np,)p, ch(np,) ~ sh(rp,)p) ch(mp;)
E, exp(nqj)=P,m(x+X2r")+Q,mB (j.l,m)

Ej+3 cxp(—n41)= le()c'fle‘_l)—Q}mB (.’vlvm) (38)

1

By = AT 91919, ch(ng,)sh(nq,,) - q,, ch(ng,, )sh(ng,)]
[}

l
le = iz;— sh(nq, )Sh(‘ﬂqm )((112 - qZI )

ch(ng,) ch(ng,)  ch(ng;) sh(ng;)  sh(ng,) sh(ngs)
Ay =1g;sh(ng,) gq;sh(rg,) g;sh(ng,)), A, =lg,ch(ng;) gq,ch(ng,) g¢;ch(ng,)
i ch(ng,) g3 ch(ng,) g3 ch(ngs) gt sh(ngy) g3 sh(ng,) ¢} sh(ng,)

where the symbol (J, /, m) denotes the set of three equations obtained by cyclic permutation of the indices:
(1,2,3) > (2,3, 1) > (3, 1,2).
The conditions imposed on the jumps in (3.1) are

4
ZG, exp(21tp,5],()[(m2 +ny, —no)p,2 ~ny]=~(my -f-n“))(|r_l ~(my +ny —nglo,

4
3G, exp(2mp 8y, (ng ~ myy = my)p; +(ng + mgy —my ~my )= = (=D,
=1

Mo

E, exp(2ng,8,, )[(n33 + m3)q; +(m3 ~ ’123)‘1,3 —nog, 1= (=D muy, (3.9

~
il

IR N

E, exp(2rg,d,, )(ny; + m3)q]3 =(=D*p,,

~.
[

Me

E, exp(2nq,d,, )ny; + my)q; = (- g, k=12

}

It is now necessary to substitute the expressions (3.7) and (3.8) into conditions (3.9) and find the
relation among the forces, torques, displacements of the centre of the disk and its rotations, as well as

the size and boundaries of the contact region. As a result we obtain, to within quantities of the first
order of smallness inclusive

F;+“||+u’12 =0, F‘2+’J.2|+’J.22 =O, P=r_l(n”+m2—-no)((!2—a,) (3'10)
2

My ==2(Uyr+y), My=(, +1p)r, My=pg +Hs,
k=1

o, — 0y = 2(pt — p3)sh(mp,)sh(mp,) By (1- Xyr™)

0oy +0, =2(ppy B5 ' B = DX,
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and further
F, = 2(ng =y —my)(p{ = p3)pypy sh(mp, ) sh(mp, ) B, X, r ™

F = —4r™! Z{qj sh(nqj)[(n33 + m3)q}‘ +(my — "22)‘1,2 ~ny P, H (= + er")
(ul.m)

P = (nyy +my —ng o, — ) (3.11)

M, =~rF, +4(n3; + my) 2{413 Sh(an)le}(u + er"l)
(3.04.m)

My =-rF, My = —4(ny, +my) Tlq; sh(ng,)Q,, 1B
(7.1,m)

where summation over (j, k, [} means summation over the cyclic permutations of the indices: (1, 2, 3)
-(2,31)->312).

It follows from relations (3.11) that, in the case of equilibrium of the wheel with the tyre, the force
F1 and torque M, are related to one another and depend on the displacement of the centre of the disk
with respect to the OX) axis, while the force F, and torque M, are also related and depend on the
inclination of the middle plane of the disk and the displacement of its centre along the OXj axis. The
width of the contact region is proportional to the magnitude of the load P, and its displacement along
the OX, axis is proportional to the force F;. We have thus found all the characteristics of the deformed
state of the tyre in an equilibrium position, namely, the conditions imposed on the forces and torques
applied to the disk of the wheel, and their magnitudes, the contact region of the tyre with the plane
and its position, and the shape of the tyre outside the contact region.

4. ROLLING OF A WHEEL WITH CONSTANT VELOCITY

If there is no slip in the contact region of the tyre tread with the plane, the path of the wheel on
the contact plane during the rolling may be represented as a straight strip left by the tread of the
tyre. The complete system of equations describing these motions is represented by the appropriate
relations in Section 2. Among these motions there may be steady rolling motions of the wheel,
when the centre of the wheel moves in a straight line parallel to the OX| axis at a constant velocity and
the angles f and » are constant (fixed swivel and tilt of the wheel). This motion is described by the
relations

X,=c, X,=const, X;=const, B=const, x=const, 0=Q

GO, =-Q, a=@+Qu-n/2 uy,w)e)=U,V,W)a) 4.1)
B@n=p (), i=123; u,=const, 0O =@, (t)+Q—7n/2=const

i=1,2,4,5 k=12, M@,1)=A0w)

The investigation of this steady motion is largely similar to that of the equilibrium of the wheel with
the tyre as was done in Section 3. To fix our ideas, let us set

0=Qr, X =ct+AX|,, c=Qr 4.2)

The last relation in (4.2) follows from the inextensibility of the tread and the condition that the wheel
is rolling without slip. The first nine equations of system (3.1) remain unchanged, except for the
replacement of X; by AX; (to be done in all the equations of Section 3), while the last eight equations
become

g+ U ~-U"+2V")—ny —ng\U+n) U” +
+my(U”=V)=my V' +A=[MU'=V)]'=0, ael,

golU’ 1, + (=DHAU’ = V)lyyy = (my + my DU Y + F(R 0 — Hyy %) =0
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gO(V—V"—QU')—mle'—mzzv—}\.'—)\.(U'—V)=0, (XELZ

golV I + (=D My + iy =0, k=12, go=pr'Q’ (4.3
~goW” +(my + ny W + (m; - Ry W™ 4 s W7 —ngsW = (AW’)' =0, ael,
~gol W'l = (=D AW Yy + (3 + ngg IW D, + (my — gy JIW™ ] + 11y, = 0

KOy — Mgy +(my +"33)[W(4)]k =0

Putting A = ny—gp + A, in the first, third and fifth equations of system (4.3), we obtain a system of
the same form as (3.3). Note that in this case the stress in the tread of the rotating wheel is increased
owing to the centrifugal forces added to the internal pressure in the tyre. The solution of the system,
assuming that the tread satisfies the linearized inextensibility condition U = -V, turns out to be identical
with solution (3.4), with the same values of the roots of characteristic equations (3.5). Equations (3.6)
have the same form as before, so that solutions (3.7), (3.8) also remain valid. Conditions (3.9) imposed
on the jumps are replaced by the corresponding conditions from (4.3). They may then be expressed in
the form which is obtained from (3.9) by replacing X; with AX], adding g, to the coefficients of G; and
AX, in the first equation, adding —ggp, to the coefficient of G,, adding (2 - X3~ 1 to the left-hand side
of the second equation, and, finally, replacing —nyq, with -(ny - g9)g, in the third equation.

In this steady rolling of the wheel, all the forces and torques apphed to the disk are independent of
time. The final summary of the relations among the forces, torques and variables defining the motion
of the system is represented by the last two relations in (3.10) with X, replaced by AX; in the second
relation, as well as relations (3.11), also with X replaced by AX; and the coefficient nq replaced by
ng - go in the formula for the force F,.

Thus, for the steady rolling motion considered here of a wheel with a reinforced tyre, we have found
all the parameters that define the shape of the deformed tyre, the contact region and its position, and
the forces and torques applied to the disk of the wheel. Steady motion will exist when all forces and
torques are constant and are moreover subject to the modified conditions (3.10) and (3.11). This means
that the magnitudes of the forces F; and F, are proportional to those of the torques M, and M,
respectively. The size of the contact region is proportional to the load P, and its displacement along
the OX axis is proportional to the force F;. The swivel » of the wheel and its tilt  generate torques
M, and M, applied to the disk of the wheel. This property enables one to eliminate clearances in the
suspension of an automobile during its motion and to improve its controllability.

This research was supported financially by the Russian Foundation for Basic Research (99-01-00253)
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